
LET – Maths, Stats & Numeracy

Exponential Growth

Suppose you are culturing a particular bacteria that reproduces by binary fission. Preliminary

studies indicate that the population doubles every three hours under optimal laboratory condi-

tions. We know the population grows exponentially. How would you answer these questions?

(1) Howmany bacteria will be present after 51 hours if you inoculate a culture with 3 bac-

teria?

(2) How many bacteria should you inoculate a culture with if there are to be 81,920 bac-

teria present on hour 42?

This is an exponential growth problem. You have exponential growth when a population’s

per capita (per individual) growth rate stays the same regardless of population size. Thismeans

the population will grow faster and faster as it gets larger.

Exponential growth occurs naturally in nature, however it does not continue on indefinitely.

This is because at some point the growing population will use up the resources available to

them. This results in four “phases of growth”.

0.1. Phases of Growth.

(1) Lag phase

• No growth.

• Cells are preparing for growth.

(2) Growth phase

• Population doubles per unit of time (per generation)

• Growth phase ends when the nutrients run out or waste products build up.

(3) Stationary phase

• Numbers stay the same.

(4) Death phase

• Rate of decay is constant or exponential.

• Population never truly reaches 0.

0.2. Exponiential growth models. Suppose you are culturing a particular bacteria that repro-

duces by binary fission. Preliminary studies indicate that the population doubles every three

hours under optimal laboratory conditions. We know the population grows exponentially and

you began by inoculating 3 bacteria. Let’s use the information we have to try and construct a

model for the population as it varies with time. We’ll denote time by t and the population by

P.

• When t = 0, P = 3.
• t = 1, P = 6 ⇒ 6 = 3× 2.
• t = 2, P = 12 ⇒ 12 = 3× 2× 2 = 3× 22.
• t = 3, P = 24 ⇒ 24 = 3× 2× 2× 2 = 3× 23 . . .

We see from the pattern then that a good model for this growth would be

P(t) = 3 · 2t.
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Definition 0.1. Exponential growth models have a general solution of the form

P(t) = P0a
t,

where P0 is population at time 0, t is time and a is constant.

In the above model P0 = 3, a = 2.

Example 0.2. Now let’s consider the questions from the beginning of this section. With the

same set up as previously, can you calculate:

(1) Howmany bacteria will be present after 51 hours if you inoculate a culture with 3 bac-

teria?

(2) How many bacteria should you inoculate a culture with if there are to be 81,920 bac-

teria present on hour 42?

Now that we have a model for the growth we can answer these questions!

(1) If we want to know what the population is after 51 hours we simply fill 51/3 = 17 in

for t, since 1 time step represents 3 hours.

P(17) = 3× 217 = 393216.

(2) Now say wewant to have 81,920 bacteria after 42 hours we need to solve the following

equation for P0

81, 920 = P02
14

81, 920

214
= P0

5 = P0

In the previous examples we always knew what the value of awas, but what do we do if we

don’t have this information?

We use the number e = 2.718 . . . and the general solution to our model becomes

P(t) = P0e
kt,

where k is constant.

Example 0.3. Suppose you are culturing a particular bacteria. You have taken two measure-

ments of the population of bacteria, at the beginning you inoculated 4 bacteria and after 8

hours you found that you nowhad 35544444 bacteria. Construct an exponential growthmodel

for this bacteria.

We know our growth model will have the form

P(t) = P0e
kt,

and we know P0 = 4, so that gives us

P(t) = 4ekt

It now only remains for us to solve for k. We also know that:

35544444 = 4 · e8k

35544444

4
= e8k

8886111 = e8k
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ln(8886111) = 8k

ln(8886111)

8
≈ 2 = k.

This means our exponential growth model is

P(t) = 4 · e2t

Exercise 0.4. Suppose you are culturing a particular bacteria. You have taken two measure-

ments of the population of bacteria, at the beginning you inoculated 3 bacteria and after 4

hours you found that you now had 1455495586 bacteria. Construct an exponential growth

model for this bacteria. How long does is it take the population to exceed 10000 to the near-

est hour?

0.3. Exponential decay models. Recall our exponential growth models have a general solu-

tion of the form

P(t) = P0e
kt

The general solution for exponential decay is very similar:

N(t) = N0e
kt

except now k is negative!

Example 0.5. Consider the following problem: A radioactive material is decaying at a rate

proportional to the current amount of radio active substance. In other words, it decays ex-

ponentially. Let N(t) denote the amount of radioactive substance at time t. Given the two

measurementsN(1) = 300 andN(2) = 280, predict the time t0 at whichN(t0) = 100.
Solution: We’ll begin by filling in what we know. We’re toldN(1) = 300 andN(2) = 280,

this means

300 = N0e
k,

280 = N0e
2k.

These are a simultaneous equations and we need to solve forN0 and k. But first we need to

get them in to a form we want by using ln and the laws of logs.

Let’s just work with the first equation for now. We want to separateN0 from ek, so first we

divide both sides byN0 giving us
300

N0

= ek.

Now we want to get rid of e, so we use ln

ln

(
300

N0

)
= k

Using the laws of logs we can make this look a bit nicer

ln(300) − ln (N0) = k

Using a similar procedure we get

ln(280) − ln (N0) = 2k.

This gives us the following set of simultaneous equations:

ln(300) − ln (N0) = k
ln(280) − ln (N0) = 2k
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We solve these as follows:

ln(300) −�����ln (N0) = k
−ln(280) +�����ln (N0) = −2k

ln(300) − ln(280) = −k

Using the laws of logs we have

ln

(
300

280

)
= −k

ln

(
15

14

)
= −k

−0.06899 = k

Now we can use this value for k to solve forN0. Recall that we had the equation:

ln(300) − ln (N0) = k

Let’s fill in what we know

ln(300) − ln (N0) = −0.06899

−ln (N0) = −0.06899− ln(300)

−ln (N0) = −5.7728

Now we use e to get rid of the ln so we can get a value forN0

N0 = e5.7728 = 321.44

This gives us the following model for the decay of the radio active substance:

N(t) = 321.44 · e−0.06899t

Finally! All we need to do is solve the equation

100 = 321.44 · e−0.06899t,

for t. Divide across both sides by 321.44 to get

0.3111 = e−0.06899t

Take the ln of both sides to get rid of e.

−1.1676 = −0.0689t

Finally divide both sides by−0.0689 to solve for t

16.95 = t.

So it will take until t = 16.95 for the amount of radioactive substance to equal 100.
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